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1. Basic deﬁnitions and results
A hyperoperation ◦ on H is a mapping of H×H into the family of non-empty subsets of H . Let ◦ be
a hyperoperation on H . Then, (H,◦) is called a hypergroupoid. A hypergroup (in the sense of Marty) is
a hypergroupoid (H,◦), that satisﬁes: (1) x◦ (y ◦ z) = (x◦ y)◦ z for all x, y, z ∈ H ; (2) x◦ H = H ◦ x = H
for all x ∈ H . In the above deﬁnition, if A, B ⊆ H and x ∈ H, then A ◦ B =⋃a∈A,b∈B a ◦b, A ◦ x= A ◦ {x}
and x ◦ B = {x} ◦ B . Several books have been written on hyperstructure theory, see [2,3,11,22]. We
say that (R,+, ·) is a regular hyperring if (R,+) is a regular hypergroup (see [2]). A well-known
type of a hyperring, called the Krasner hyperring [18]. Krasner hyperrings are essentially rings, with
approximately modiﬁed axioms in which addition is a hyperoperation (i.e., a + b is a set). Then,
this concept has been studied by a variety of authors. The principal notions of hyperring theory
can be found in [1,5,9,10,18,21,23]. Now, we recall the following deﬁnition and example from [18].
A Krasner hyperring is an algebraic structure (R,+, ·) which satisﬁes the following axioms: (1) (R,+)
is a canonical hypergroup, i.e., (i) x + (y + z) = (x + y) + z for all x, y, z ∈ R , (ii) x + y = y + x
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exists a unique element x′ ∈ R such that 0 ∈ x + x′ (we shall write −x for x′ and we call it the
opposite of x), (v) z ∈ x+ y implies y ∈ −x+ z and x ∈ z − y; (2) Relating to the multiplication, (R, ·)
is a semigroup having zero as a bilaterally absorbing element. (3) The multiplication is distributive
with respect to the hyperoperation +. The following elementary facts follow easily from the axioms:
−(−x) = x and −(x+ y) = −x− y, where −A = {−a | a ∈ A}. In this paper we mean a hyperring as a
Krasner hyperring.
Let (A,+, ·) be a ring and N a normal subgroup of its multiplicative semigroup. Then, the multi-
plicative classes x = xN (x ∈ A) form a partition of R , and let A = A/N be the set of these classes.
The product of x, y ∈ A as subsets of A is again a class (mod N), and their sum as such subsets is
a union of such classes. If we deﬁne the product x ∗ y in A of x, y ∈ A as equal to their product as
subsets of A, and their sum x⊕ y in A as the set of all z ∈ A contained in their sum as subsets of A,
i.e., x ⊕ y = {z | z ∈ x + y} and x ∗ y = x · y, then the obtained structure is a hyperring. A non-empty
subset A of a hyperring R is a left (right) hyperideal if (i) a,b ∈ A implies a − b ⊆ A; (ii) a ∈ A, r ∈ R
imply r ·a ∈ A (a · r ∈ A). A is called a hyperideal if A is both left and right hyperideal. A subhyperring
S of R is normal in R if and only if x + S − x ⊆ S for all x ∈ R . If A is a normal hyperideal of a
hyperring R , then we deﬁne the relation x ≡ y (mod A) if and only if x − y ∩ A 
= ∅. This relation is
denoted by xA∗ y. If A is a normal hyperideal of a hyperring R , then (i) the relation A∗ is an equiv-
alence relation; (ii) if A∗[x] is the equivalence class of the element x ∈ R , then A + x = A∗[x] for all
x ∈ R; (iii) for all x, y ∈ R , we have A∗[A∗[x] + A∗[y]] = A∗[x] + A∗[y]; (iv) for all x, y ∈ R , we have
A∗[A∗[x · y]] = A∗[x · y].
Vougiouklis in [22,23] introduced the fundamental relation Γ ∗ on a general hyperring R as the
smallest equivalence relation on R such that the quotient R/Γ ∗ is a fundamental ring. We apply the
relation Γ ∗ on Krasner hyperrings. Let (R,+, ·) be a hyperring, we can deﬁne the relation Γ as
follows: aΓ b if and only if {a,b} ⊆ u, where u is a ﬁnite sum of ﬁnite products of elements of R .
The relation Γ ∗ is the transitive closure of Γ . The both ⊕ and  on R/Γ ∗ are deﬁned as follows:
Γ ∗(a) ⊕ Γ ∗(b) = Γ ∗(c) for all c ∈ Γ ∗(a) + Γ ∗(b) and Γ ∗(a)  Γ ∗(b) = Γ ∗(ab). Also, we can deﬁne
the relation β∗+ as the smallest equivalence relation such that the quotient R/β∗+ is a group. The
equivalence relation β∗+ was introduced by Koskas [17] on hypergroups and was studied in [2,4,14,15,
19,22]. We will denote by β+ the relation deﬁned in R as follows: aβ+b if and only if there exists
(c1, . . . , cn) ∈ Rn such that {a,b} ⊆ c1 + · · · + cn . For hypergroups, we have β∗+ = β+ (see [14]). We
deﬁne the relation α∗ as the smallest equivalence relation on R such that the quotient R/α∗ , the set
of all equivalence classes, is a commutative ring. In this case R/α∗ is a commutative fundamental ring.
Suppose that α∗(a) is the equivalence class containing a ∈ R . Then, both the sum unionmulti and the product
⊗ in R/α∗ are deﬁned as follows: α∗(a)unionmultiα∗(b) = α∗(c) for all c ∈ α∗(a)+α∗(b) and α∗(a)⊗α∗(b) =
α∗(ab). This relation was introduced and studied by Davvaz and Vougiouklis on general hyperrings [7].
We deﬁne the relation α as follows:
xα y ⇐⇒ ∃n ∈N, ∃(k1, . . . ,kn) ∈Nn , ∃σ ∈ Sn , ∃(xi1, . . . , xiki ) ∈ Rki and ∃σi ∈ Ski (i = 1, . . . ,n) such
that
x ∈
n∑
i=1
( ki∏
j=1
xij
)
and y ∈
n∑
i=1
Aσ (i),
where Ai =∏kij=1 xiσi( j) . Also, we can deﬁne the relation γ ∗+ as the smallest equivalence relation such
that the quotient R/γ ∗+ is an abelian group. The equivalence relation γ ∗+ was introduced by Freni [12]
on hypergroups. We will denote by γ+ the relation deﬁned in R as follows: aγ+b if and only if there
exists (x1, . . . , xn) ∈ Rn , σ ∈ Sn such that a ∈∑ni=1 xi and b ∈∑ni=1 xσ(i) . Freni proved in [12] that for
hypergroups we have γ ∗+ = γ+ . Many authors studied relation of γ , for example see [6,8,12,13,16].
Since all hyperrings in this paper are additive, we have Γ ∗ = β∗+ . The relational notation A ≈ B is
used to assert that the sets A and B have an element in common, that is, A ∩ B 
= ∅.
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In [12], a new characterization of the derived hypergroup of a hypergroup is determined. Now, in
this section, we study some properties of the derived Krasner hyperring D(R) of a Krasner hyper-
ring R .
Theorem 2.1. If (R,+, ·) is a hyperring and (R, ·) is commutative, then we have α∗ = γ ∗+ .
Proof. In a hyperring R , every product of elements of R is a singleton. Thus, for every
A =
n∑
i=1
( ki∏
j=1
xij
)
we can consider the elements yi =∏kij=1 xij (i = 1, . . . ,n) of R , for which we have A =∑ni=1 yi . Since
the semigroup (R, ·) is commutative this means that a α∗ b if and only if a γ ∗+ b. 
The kernel of the canonical map ϕ : R −→ R/Γ ∗ is called the core of R and is denoted by ωR .
Here, we also denote by ωR the zero element of R/Γ ∗ . We have the following statements. We set
D(R) the kernel of the canonical map φ : R −→ R/α∗ and D(R) is the zero element of commutative
ring R/α∗ . Thus, we have
Lemma 2.2.
(i) ωR = ϕ−1(0R/Γ ∗ ) and D(R) = φ−1(0R/α∗ ),
(ii) γ ∗(−x) = −γ ∗(x) and α∗(−x) = −α∗(x) for all x ∈ R,
(iii) γ ∗(0) = 0R/Γ ∗ and α∗(0) = 0R/α∗ .
Proof. It is straightforward. 
Lemma 2.3. Let R be a hyperring. Then,
R · D(R) ⊆ D(R) and D(R) · R ⊆ D(R).
Proof. For all a ∈ R · D(R) there exists r ∈ R and x ∈ D(R) such that a ∈ rx. So α∗(a) = α∗(rx) =
α∗(r) ⊗ α∗(x) = α∗(r) ⊗ 0= 0. 
Theorem 2.4. If R is a hyperring, then D(R) is a hyperideal of R.
Proof. We have 0 ∈ D(R). Let x, y ∈ D(R). Then, for every z ∈ x + y, we have φ(z) = φ(x + y) =
φ(x) ⊕ φ(y) = 0R/α∗ ⊕ 0R/α∗ = 0R/α∗ . Hence, z ∈ φ−1(0R/α∗ ) = D(R) and so x + y ⊆ D(R). Moreover,
since x ∈ D(R), there exists −x ∈ R such that 0 ∈ x− x. Thus,
0R/α∗ = φ(0) = φ(x− x) = φ(x) ⊕ φ(−x) = 0R/α∗ ⊕ φ(−x) = φ(−x),
and hence −x ∈ D(R). 
We call D(R) the derived Krasner hyperring.
Theorem 2.5. If R is a hyperring, then D(R) is a normal hyperideal of R.
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φ(x+a−x) = φ(x)+φ(a)+φ(−x) = φ(x)+0R/α∗ −φ(x) = 0R/α∗ . Therefore, we have y ∈ φ−1(0R/α∗ ) =
D(R). 
Theorem 2.6. If R is a hyperring and A = D(R), then A∗ = α∗ .
Proof. xA∗ y if and only x − y ∩ A 
= ∅. Thus, there exists z ∈ A = D(R) such that z ∈ x − y and so
α∗(x − y) = α∗(z) = 0R/α∗ . Hence, α∗(x) = α∗(y) and x α∗ y. Thus, A∗ ⊆ α∗ . For the converse, if
α∗(x) = α∗(y), then α∗(x− y) = 0R/α∗ . So, x− y ⊆ D(R) = A, and hence xA∗ y. Thus, A∗ = α∗ . 
If R is a hyperring and B = ωR , then
(i) B is a normal hyperideal of R ,
(ii) equivalence relation B∗ is equal to fundamental relation Γ ∗ .
Theorem 2.7. (See [9].) Let R be a hyperring. If A is a normal hyperideal of R, then on the set of all classes
[R : A∗] = {A∗[x] | x ∈ R} we deﬁne the hyperoperation ⊕ and the multiplication  as follows:
A∗[x] ⊕ A∗[y] = {A∗[z] ∣∣ z ∈ A∗[x] + A∗[y]},
A∗[x]  A∗[y] = A∗[x · y].
Then, [R : A∗] is a hyperring.
Remark 1. If A = D(R), then [R : A∗] = R/α∗ and so [R : A∗] is a commutative ring. If B = ωR , then
[R : B∗] = R/Γ ∗ and [R : B∗] is a ring.
3. Isomorphism theorems
Let R1 and R2 be hyperrings. A mapping f from R1 into R2 is said to be a strong homomorphism if
for all a,b ∈ R1, f (a+b) = f (a)+ f (b), f (a ·b) = f (a) · f (b) and f (0) = 0. Clearly, a strong homomor-
phism f is an isomorphism if f is one to one and onto. We write R1 ∼= R2 if R1 is isomorphic to R2.
Since R1 is a hyperring, 0 ∈ a−a for all a ∈ R1. Then, we have f (0) ∈ f (a)+ f (−a) or 0 ∈ f (a)+ f (−a)
which implies that f (−a) ∈ − f (a) + 0. Therefore, f (−a) = − f (a) for all a ∈ R1. Moreover, if f is a
strong homomorphism from R1 into R2, then the kernel of f is the set ker f = {x ∈ R1 | f (x) = 0}. It
is trivial that ker f is a hyperideal of R1, but in general it is not normal in R1.
If A and B are normal hyperideals of a hyperring R such that B ⊆ A, then [A : B∗] is a normal
hyperideal of [R : B∗] and [[R : B∗] : [A : B∗]] ∼= [R : A∗], see [8].
Theorem 3.1. Let R be a hyperring. Then, I = D(R)/Γ ∗ is an ideal of the ring S = R/Γ ∗ and we have S/I ∼=
R/α∗ .
Proof. Set A = D(R) and B = ωR . Then, we have [R : B∗] = R/Γ ∗ , [R : A∗] = R/α∗ and [D(R) : B∗] =
D(R)/Γ ∗ . Now, by third isomorphism theorem, [A : B∗] is a normal hyperideal of [R : B∗] and
[[R : B∗] : [A : B∗]] ∼= [R : A∗]. But [R : B∗] = R/Γ ∗ is a ring and so [A : B∗] = D(R)/Γ ∗ is an ideal
of R/Γ ∗ . Therefore, [R/Γ ∗ : D(R)/Γ ∗] ∼= R/α∗ . 
We say that x αn,kn1 y if and only if there exist σ ∈ Sn , (xi1, . . . , xiki ) ∈ Rki and σi ∈ Ski , where
i = 1, . . . ,n such that
x ∈
n∑
i=1
( ki∏
j=1
xij
)
and y ∈
n∑
i=1
( kσ (i)∏
j=1
xσ (i)σσ(i)( j)
)
.
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i  n, ki = kn. Moreover, if (R,+, ·) is a hyperring with an identity element for hyperoperation · or (R,+, ·)
is a hyperﬁeld ((R, ·) be a hypergroup), m  n and lm1 ∈ N, then x αn,kn1 y implies that x αm,qm1 y, where
qi =max{ki, li} such that for every i  n, ki = kn.
Proof. Let x αn,kn1 y. Then, there exist σ ∈ Sn , (xi1, . . . , xiki ) ∈ Rki and σi ∈ Ski , where i = 1, . . . ,n such
that
x ∈
n∑
i=1
( ki∏
j=1
xij
)
and y ∈
n∑
i=1
( kσ (i)∏
j=1
xσ (i)σσ(i)( j)
)
.
If n <m, then there exist x′iki ∈ R , where i = n, . . . ,m and ki = kn , such that xnkn ∈ x′nkn + · · · + x′mkm ,
and so
x ∈
n∑
i=1
( ki∏
j=1
xij
)
⊆
n−1∑
i=1
( ki∏
j=1
xij
)
+
(
kn−1∏
j=1
xnj
)
· (x′nkn + · · · + x′mkm)
=
n−1∑
i=1
( ki∏
j=1
xij
)
+
(
kn−1∏
j=1
xnj
)
· x′nkn + · · · +
(
kn−1∏
j=1
xnj
)
· x′mkm
= u.
Now, there exist t ∈ {1, . . . ,n} and s ∈ {1, . . . ,kt} such that xσ(t)σσ(t)(s) = xnkn so σ(t) = n and
σn(s) = kn and we have:
y ∈
n∑
i=1
( kσ (i)∏
j=1
xσ (i)σσ(i)( j)
)
=
t−1∑
i=1
( kσ (i)∏
j=1
xσ (i)σσ(i)( j)
)
︸ ︷︷ ︸
A
+
( kσ (t)∏
j=1
xσ (t)σσ(t)( j)
)
+
n∑
i=t+1
( kσ (i)∏
j=1
xσ (i)σσ(i)( j)
)
︸ ︷︷ ︸
B
= A +
(
s−1∏
j=1
xnσn( j)
)
· xnkn ·
(
kn∏
j=s+1
xnσn( j)
)
+ B
⊆ A +
s−1∏
j=1
xnσn( j) ·
(
x′nkn + · · · + x′mkm
) · kn∏
j=s+1
xnσn( j) + B
= A +
s−1∏
j=1
xnσn( j) · x′nkn ·
kn∏
j=s+1
xnσn( j) + · · · +
s−1∏
j=1
xnσn( j) · x′mkm ·
kn∏
j=s+1
xnσn( j) + B
= u′.
Therefore, x αm,km y.1
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ﬁeld ((R, ·) be a hypergroup), m  n, lm1 ∈ N and x αn,kn1 y. Then, x αm,km1 y, where ki = kn for every
i  n. So, there exist σ ∈ Sm , (xi1, . . . , xiki ) ∈ Rki and σi ∈ Ski , where i = 1, . . . ,m such that
x ∈
m∑
i=1
( ki∏
j=1
xij
)
and y ∈
m∑
i=1
( kσ (i)∏
j=1
xσ (i)σσ(i)( j)
)
.
Now, suppose that σ(ti) = i and σi(si) = ki and qi = max{ki, li}. Then, there exists x′iki , . . . , x′iqi such
that xiki ∈ x′iki · . . . · x′iqi . Therefore,
x ∈
m∑
i=1
( ki∏
j=1
xij
)
=
m∑
i=1
( ki−1∏
j=1
xij · xiki
)
⊆
m∑
i=1
( ki−1∏
j=1
xij · x′iki · . . . · x′iqi
)
= u
and
y ∈
m∑
i=1
( kσ (i)∏
j=1
xσ (i)σσ(i)( j)
)
=
m∑
i=1
( ti−1∏
j=1
xσ (i)σσ(i)( j) · xσ (ti)σσ(ti )(si) ·
kσ (i)∏
j=ti+1
xσ (i)σσ(i)( j)
)
⊆
m∑
i=1
( ti−1∏
j=1
xσ (i)σσ(i)( j) · x′iki · . . . · x′iqi ·
kσ (i)∏
j=ti+1
xσ (i)σσ(i)( j)
)
= u′.
Therefore, x αm,qm1 y. 
Theorem 3.3. Let (R,+, ·) be a hyperring with an identity element for hyperoperation · or (R,+, ·) be a
hyperﬁeld ((R, ·) be a hypergroup). If aαn,kn1 b and cαm,lm1 d, then aαp,qp1 b and cαp,qp1 d, where p =max{m,n}
and for every i = 1, . . . , p, set
qi =
⎧⎨⎩
max{li,ki} if i min{ki, li},
max{li,kn} if i >min{ki, li} and nm,
max{lm,ki} if i >min{ki, li} and m n.
Theorem 3.4. Let R1 and R2 be two hyperrings with an identity element for hyperoperation · or be two
hyperﬁelds, α∗R1 , α
∗
R2
and α∗R1×R2 be α
∗-relations on R1 , R2 and R1 × R2 respectively. Then,
(a,b) α∗R1×R2 (c,d) if and only if a α
∗
R1 c and b α
∗
R2 d.
Proof. It is clear that, (a,b) α∗R ×R (c,d) imply a α∗R c and b α∗R d.1 2 1 2
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∗
R2
d. Then, there exists h, g ∈ N, a = u1, . . . ,ug = b ∈ R and c =
v1, . . . , vh = d ∈ R such that
u1 αn1,k
1n1
11
u2 αn2,k
2n2
21
. . . α
n(g−1),k
(g−1)n(g−1)
(g−1)1
ug
and
v1 αm1,l
1m1
11
u2 αm2,l
2m2
21
. . . α
m(h−1),l
(h−1)m(h−1)
(h−1)1
vh.
Suppose that h g . Then, set ug+1 = · · · = uh := ug and we obtain
u1 αn1,k
1n1
11
u2 αn2,k
2n2
21
. . . α
n(g−1),k
(g−1)n(g−1)
(g−1)1
ug α1,1 ug+1 . . . α1,1 uh
and
v1 αm1,l
1m1
11
u2 αm2,l
2m2
21
. . . α
m(h−1),l
(h−1)m(h−1)
(h−1)1
vh.
Now, by Theorem 3.3, there exist p,q1, . . . ,qp ∈N such that
u1 αp,qp1
u2 αp,qp1
. . . αp,qp1
uh and v1 αp,qp1
u2 αp,qp1
. . . αp,qp1
vh.
So,
(a, c) = (u1, v1) αp,qp1 (u2, v2) αp,qp1 . . . αp,qp1 (uh, vh) = (c,d).
Therefore, (a,b) α∗R1×R2 (c,d). 
Theorem 3.5. Let R1 and R2 be two hyperrings with an identity element for hyperoperation · or be two
hyperﬁelds, α∗R1 , α
∗
R2
and α∗R1×R2 be commutative fundamental equivalence relations on R1 , R2 and R1 × R2
respectively. Then,
R1 × R2/α∗R1×R2 ∼= R1/α∗R1 × R2/α∗R2 .
Proof. We deﬁne the relation α˜ on R1 × R2 as follows:
(a1,b1) α˜ (a2,b2) ⇐⇒ a1 α∗R1 a2 and b1 α∗R2 b2.
Then, α˜ = α∗R1×R2 . Now we consider the map ϕ : R1/α∗R1 × R2/α∗R2 −→ R1 × R2/α∗R1×R2 by
ϕ
(
α∗R1(a),α
∗
R2(b)
)= α∗R1×R2(a,b).
It is easy to see that ϕ is an isomorphism. 
Lemma 3.6. If A, B are normal hyperideals of R1, R2 respectively, then[
(R1 × R2) : (A × B)∗
]∼= [R1 : A∗]× [R2 : B∗].
Proof. The proof is straightforward and we omit it. 
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lence relations on [R1 : A∗], [R2 : B∗] and [(R1 × R2) : (A × B)∗] respectively. Then,[
(R1 × R2) : (A × B)∗
]/
α∗ ∼= [R1 : A∗]/α∗1 × [R2 : B∗]/α∗2 .
Proof. The proof is obtained exactly from Theorem 3.5 and Lemma 3.6. 
Deﬁnition 3.8. Let f be a strong homomorphism from R1 into R2 and let α∗1 , α∗2 be fundamental
relations on R1, R2 respectively, then we deﬁne
ker f = {α∗1(x) ∣∣ x ∈ R1, α∗2( f (x))= D(R2)}.
Lemma 3.9. ker f is an ideal of the commutative fundamental ring R1/α∗1 .
Proof. Assume that α∗1(x),α∗1(y) ∈ ker f . Then, for every z ∈ x − y we have α∗1(z) = α∗1(x) unionmulti α∗1(−y).
On the other hand, we have
α∗2
(
f (z)
)= α∗2( f (x) + f (−y))= α∗2( f (x))unionmulti α∗2( f (−y))
= α∗2
(
f (x)
)unionmulti (−α∗2( f (y)))
= D(R2) unionmulti D(R2) = D(R2).
Therefore, α∗1(z) ∈ ker f . For α∗1(r) ∈ R1/α∗1 and α∗1(x) ∈ ker f we have
α∗2
(
f (r · x))= α∗2( f (r) · f (x))= α∗2( f (r))⊗ α∗2( f (x))= α∗2( f (r))⊗ D(R2) = D(R2),
and so α∗1(r) ⊗ α∗1(x) ∈ ker f . Therefore, ker f is an ideal of R1/α∗ . 
Theorem 3.10. Let (R+, ·) be a hyperring such that (R, ·) be commutative. Let A, B be two normal hyperideals
of R with A ⊆ B and φ : [R : A∗] −→ [R : B∗] canonical map. Suppose that α∗A , α∗B are the fundamental
equivalence relations on [R : A∗], [R : B∗] respectively. Then,([
R : A∗]/α∗A)/kerφ ∼= [R : B∗]/α∗B .
Proof. We deﬁne the map
ρ : [R : A∗]/α∗A −→ [R : B∗]/α∗B
by
ρ : α∗A(A + x) −→ α∗B(B + x) (for all x ∈ R).
We must check that ρ is well deﬁned, i.e., that if x, y ∈ R and α∗A(A + x) = α∗A(A + y), then
α∗B(B+x) = α∗B(B+ y). Using Theorem 2.1, we have α∗A = (γ ∗+)A and α∗B = (γ ∗+)B . Now (γ ∗+)A(A+x) =
(γ ∗+)A(A + y) if and only if there exist (A + x1, A + x2, . . . , A + xn) ∈ [R : A∗]n and σ ∈ Sn such that
A + x ⊆⊕∑ni=1 A + xi and A + y ⊆⊕∑ni=1 A + xσ(i) . we have
⊕ n∑
A + xi =
{
A + z
∣∣∣ z ∈ n∑ xi
}
.i=1 i=1
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exist a ∈ x− z1 ∩ A and b ∈ y− z2 ∩ A. Then, x ∈ a+ z1 and y ∈ b+ z2. Hence, B+ x ∈ (B+a)⊕ (B+ z1)
and B + y ∈ (B + b) ⊕ (B + z2). Since a,b ∈ A ⊆ B , B + a = B , B + b = B . Since B ⊕ (B + z1) = B + z1
and B ⊕ (B + z2) = B + z2, we have B + x = B + z1 and B + y = B + z2. Since
B + z1 ⊆
{
B + z
∣∣∣ z ∈ n∑
i=1
xi
}
and
B + z2 ⊆
{
B + z
∣∣∣ z ∈ n∑
i=1
xσ (i)
}
,
we get
B + x ⊆
{
B + z
∣∣∣ z ∈ n∑
i=1
xi
}
=
⊕ n∑
i=1
(B + xi),
B + y ⊆
{
B + z
∣∣∣ z ∈ n∑
i=1
xσ (i)
}
=
⊕ n∑
i=1
(B + xσ (i)).
Therefore, (γ ∗+)B(B + x) = (γ ∗+)(B + y). This follows that ρ is well deﬁned. Moreover, ρ is a strong
homomorphism, for if x, y ∈ R1. Hence,
ρ
(
α∗A(A + x) unionmulti α∗A(A + y)
)= ρ(α∗A(A + x+ y))= α∗B(B + x+ y)
= α∗B(B + x) unionmulti α∗B(B + y)
= ρ(α∗A(A + x))unionmulti ρ(α∗A(A + y)),
ρ
(
α∗A(A + x) ⊗ α∗A(A + y)
)= ρ(α∗A(A + xy))= α∗B(B + xy)
= α∗B(B + x) ⊗ α∗B(B + y)
= ρ(α∗A(A + x))⊗ ρ(α∗A(A + y)),
and ρ(D([R : A∗])) = ρ(α∗A(A)) = α∗B(B) = D([R : B∗]). Clearly, ρ is onto. Now, we show that kerρ =
kerφ. We have
kerρ = {α∗A(A + x) ∣∣ ρ(α∗A(A + x))= D([R : B∗])}
= {α∗A(A + x) ∣∣ α∗B(B + x) = D([R : B∗])}
= {α∗A(A + x) ∣∣ γ ∗B (φ(A + x))= D([R : B∗])}
= kerφ. 
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Let M be a non-empty subset of a hyperring R . We say that M is an α-part of R (see [20]), if for
every n ∈N, i = 1,2, . . . ,n, ∀ki ∈N, ∀(zi1, zi2, . . . , ziki ) ∈ Rni , ∀σ ∈ Sn , ∀σi ∈ Ski , we have
n∑
i=1
( ki∏
j=1
zi j
)
≈ M ⇒
n∑
i=1
Aσ (i) ⊆ M
where Ai =∏kij=1 ziσi( j) .
Let A be a non-empty subset of R . The intersection of α-parts of R which contain A is called
α-closure of A in R . It will be denoted Cα(A). If ℘∗(R) is the set of all non-empty subsets of R , we
have
(1) If A is an α-part of R , then A + B , B + A, AB and B A are α-parts of R for every B ∈ ℘∗(R).
(2) A ∈ ℘∗(R), then A is a α-part of R if and only if A + D(R) = A.
(3) A ∈ ℘∗(R), one has D(R) + A = A + D(R) = Cα(A).
(4) D(R) is an α-part of R .
Let R be a hyperring and
∑
(R) be the set of hyper-sums of R , i.e.,
∑
(R) =
{∑ni=1 | n ∈ N, z1, . . . , zn ∈ R}. We consider the hyperoperation A unionmulti B = {C ∈ ∑(R) | C ⊆ A + B},
for all A, B ∈∑(R) with A, B 
= {0}, and A unionmulti {0} = {0} unionmulti A = A. Since A + B ∈ A unionmulti B so A unionmulti B 
= ∅.
Now, we have the following theorem.
Theorem 4.1. If (R,+, ·) is a hyperring, then 〈∑(R),unionmulti, ·〉 is a regular hyperring.
Proof. It is clear that unionmulti is associative. Let E = {0}. Then, for all A ∈∑(R) we have A unionmulti E = E unionmulti A = A.
We deﬁne the function −I as follows:
−I :
∑
(R) −→
∑
(R),
−I
(
n∑
i=1
xi
)
=
n∑
i=1
(−xi).
Then, for all A ∈ ∑(R) we have E ∈ A unionmulti −I(A) ∩ −I(A) unionmulti A. Now, we prove that (∑(R), ·) is a
semigroup. Suppose that X =∑mi=1 xi , Y =∑ni=1 yi . Then,
X · Y =
(
m∑
i=1
xi
)
·
(
n∑
i=1
yi
)
=
m∑
j=1
n∑
i=1
xi y j ∈
∑
(R),
also 0 · X = X · 0 = 0. The operation · is distributive on hyperoperation unionmulti because if X =∑mi=1 xi ,
Y =∑ni=1 yi and Z =∑pi=1 zi are elements of ∑(R), then a ∈ X · (Y + Z) if there exist x ∈ X , y ∈ Y
and z ∈ Z such that a ∈ x(y+ z) = xy+ xz. Therefore, a ∈ X · Y + X · Z . Thus, X · (Y + Z) ⊆ X · Y + X · Z .
For the converse let a ∈ X · Y + X · Z . Then, there exist x, x′ ∈ X , y ∈ Y and z ∈ Z such that a ∈ xy+ x′z.
But
X · Y + X · Z =
m∑
xi
n∑
yi +
m∑
xi
p∑
zi =
m∑
xi
(
n∑
yi +
p∑
zi
)
= X · (Y + Z).i=1 i=1 i=1 i=1 i=1 i=1 i=1
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hyperring. 
Corollary 4.2. If A is a subhyperring of R and A belongs to
∑
(R), then A is contained in D(R).
The following example show that not all sub-hyperrings of a hyperring R are in
∑
(R).
Example 4.3. Let (R,+, ·) be a hyperring such that (R,+) have the following table:
+ a b c d
a a b c d
b b a c d
c c c {a,b,d} {c,d}
d d d {c,d} {a,b,c}
and semigroup (R, ·) have the following operation: x · y = a for all x, y ∈ R . It is clear that A = {a,b}
is a subhyperring of R , but A /∈∑(R). Moreover, D(R) = c + d + d = R ∈∑(R).
If R is a hyperring, we denote
∑
Cα (R) the set hyper-sums A of elements of R such that Cα(A) = A.
Theorem 4.4. Let R be a hyperring and (x1, . . . , xn) ∈ Rn be such that∑ni=1 xi ∈∑Cα (R), then there exists
(y1, . . . , yn) ∈ Rn such that∑ni=1 xi +∑ni=1 yi = D(R).
Proof. For 1 j  n, let a j be an element of D(R). Then, there exists y j ∈ R such that a j ∈ x j + y j .
Since D(R) is an α-part, we have x j + y j ⊆ D(R). Therefore,
n∑
i=1
xi + yn = D(R) +
n∑
i=1
xi + yn
=
n−1∑
i=1
xi + D(R) + xn + yn
=
n−1∑
i=1
xi + D(R)
= D(R) +
n−1∑
i=1
xi,
and so
n∑
i=1
xi + yn + yn−1 = D(R) +
n−2∑
i=1
xi + xn−1 + yn−1
= D(R) +
n−2∑
i=1
xi .
Going on in the same way, one arrives to
∑n
i=1 xi +
∑n
i=2 yi = D(R) + x1 whence ﬁnally
n∑
xi +
n∑
yi = D(R) + x1 + y1 = D(R). 
i=1 i=1
156 S. Mirvakili, B. Davvaz / Journal of Algebra 362 (2012) 145–156Theorem 4.5. Let R be a hyperring. If R \ D(R) is a hyper-sum, then D(R) is also a hyper-sum.
Proof. Since D(R) is an α-part, so R \ D(R) also is an α-part. Now, by using Theorem 4.4, the proof
completes. 
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